Abstract. This work addresses some relevant characteristics of associative algebras in low dimensions. Especially, given 1 and 2 dimensional associative algebras, we explicitly solve associative Yang-Baxter equations and use skew-symmetric solutions to perform double constructions of Frobenius algebras. Besides, we determine related compatible dendriform algebras and solutions of their D−equations. Finally, using symmetric solutions of the latter equations, we proceed to double constructions of corresponding Connes cocycles.
Introduction
A (symmetric) Frobenius algebra which is an associative algebra with a (symmetric) nondegenerate invariant bilinear form is an important object in both mathematics and mathematical physics. It plays a key role in the study of many topics, such as statistical models over 2-dimensional graphs [7] and topological quantum field theory [19] . On the other hand, a nondegenerate Connes cocycle is an associative algebra with a non-degenerate antisymmetric bilinear form being a cyclic 1-cocyle in the sense of Connes [11] . It corresponds to the original definition of cyclic cohomology by Connes and hence is important in the study of noncommutative geometry.
However, it is not easy to construct Frobenius algebras or non-degenerate Connes cocycles explicitly, that is, both the explicit examples of Frobenius algebras and non-degenerate Connes cocycles are lacked. In [5] , some special constructions (namely, double constructions) of both two objects were given in terms of bialgebra structures and certain algebraic equations. In particular, it provides an approach to construct both (symmetric) Frobenius algebras and non-degenerate Connes cocycles from solving certain algebraic equations. Explicitly, a (symmetric) Frobenius algebra can be obtained from an anti-symmetric solution of associative Yang-Baxter equation in an associative algebra, whereas a non-degenerate Connes cocycle can be obtained from a symmetric solution of D-equation in a dendriform algebra which is the underlying algebraic structure of a non-degenerate Connes cocycle. Note that both associative Yang-Baxter equation and dendriform algebras appeared more early in some other fields. For example, the associative Yang-Baxter equation was introduced by Aguiar [1] to study the cases of principal derivations for the infinitesimal bialgebras given by Joni and Rota [18] to provide an algebraic framework for the calculus of divided difference, whereas dendriform algebras were introduced by Loday [20] with motivation from algebraic K-theory and were studied quite extensively with connections to several areas in mathematics and physics, like operads [22] , homology [14] , [15] , arithmetics [21] and quantum field theory [13] .
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and ω is a Connes cocycle on A.
Let us now give some notations useful in the sequel. Let A be an associative algebra. Considering the representations of the left L and right R multiplication operations defined as:
4)
R : A −→ gl(A)
The dual maps L * , R * of the linear maps L, R, are defined, respectively, as: L * , R * : A → gl(A * ) such that: for all x, v ∈ A, u * ∈ A * , where A * is the dual space of A. Let σ : A ⊗ A → A ⊗ A be the exchange operator defined as
for all x, y ∈ A.
An associative Yang-Baxter equation (AYBE) in the associative algebra A is defined by [5] r 12 r 13 + r 13 r 23 − r 23 r 12 = 0, (2.8) where r = i x i ⊗ y i ∈ A ⊗ A and 
We denote this bialgebra structure by (A, ∆) or (A, A * ). 
12)
14)
for any
Definition 2.10. Let A be a vector space with two bilinear products denoted by ≺ and ≻. Then (A, ≺, ≻) is called a dendriform algebra if, for any x, y, z ∈ A,
denote the left and right multiplication operators of (A, ≺) and (A, ≻), respectively:
, and x → R ≺ (x), respectively. It is known that the product given by [20] x * y = x ≺ y + x ≻ y, for all x, y ∈ A, (2.15)
defines an associative algebra. We call (A, * ) the associated associative algebra of (A, ≺, ≻) and (A, ≻, ≺) is called a compatible dendriform algebra structure on the associative algebra (A, * ).
Theorem 2.11. Let (A, * ) be an associative algebra and let ω be a non-degenerate Connes cocycle. Then, there exists a compatible dendriform algebra structure ≻, ≺ on A given by
(2.16) 
(c) the following equations are satisfied
hold for any x, y ∈ A and a * , b 
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where r ≻ = −r and r ≺ = r induce a dendriform algebra structure on 
In the sequel, unless otherwise stated, all the parameters belong to the complex field C.
1-dimensional associative algebras
In this section, we investigate the solutions of the associative Yang-Baxter equation, dendriform algebras structures and classify the solutions of D-equations in the case of 1−dimensional associative algebras.
3.1. Solutions of the associative Yang-Baxter equation. Let (A, ·) be an associative algebra with a basis {e 1 } and r = a 11 e 1 ⊗ e 1 ∈ A ⊗ A. Then the AYBE becomes a 2 11 (e 1 · e 1 ⊗ e 1 ⊗ e 1 + e 1 ⊗ e 1 ⊗ e 1 · e 1 − e 1 ⊗ e 1 · e 1 ⊗ e 1 ) = 0. Table 2 . Table 3 . 
Proof Let us consider the associative algebra A 2 . We set e 1 ≻ e 1 = ae 1 ; e 1 ≺ e 1 = be 1 . Since e 1 · e 1 = e 1 , then a + b = 1. Moreover, we have the equations (e 1 ≺ e 1 ) ≺ e 1 = e 1 ≺ (e 1 · e 1 ), (e 1 ≻ e 1 ) ≺ e 1 = e 1 ≻ (e 1 ≺ e 1 ), e 1 ≻ (e 1 ≻ e 1 ) = (e 1 · e 1 ) ≻ e 1 which give ab = 0; ab = ba and a(a − 1) = 0, respectively. Then, we obtain a = 0 and b = 1 or a = 1 and b = 0 yielding the compatible dendriform algebra structures on A 2 . The solutions of D-equations in these dendriform algebras are given by direct computation.
3.2.1. Symmetric solutions and Connes cocycles structures. Using the Proposition 2.16, we obtain the following results in Table 4 , where D j i , i, j ∈ N * , means the i − th dendriform class associated with the j − th class of associative algebra. 
2-dimensional associative algebras
Using a similar approach as in the previous section, we now consider 2−dimensional associative algebras. Let (A, ·) be an associative algebra with a basis {e 1 , e 2 } and r = 2 i,j=1 a ij e i ⊗e j ∈ A⊗A. Then, the AYBE (2.8), i.e. r 12 r 13 + r 13 r 23 − r 23 r 12 = 0, is satisfied for
a ij e i ⊗ e j ⊗ 1,
Solutions of the associative Yang-Baxter equation.
The classification of 2-dimensional complex pre-Lie algebras, including the classification of 2-dimensional complex associative algebras, was performed in [9] . Then, the 2-dimensional complex associative algebras can be split into 7 classes [4] . Proof We set r = i,j a ij e i ⊗ e j ∈ A ⊗ A, where i, j = 1, 2 and a ij ∈ C. Then, by direct computation of (2.8), we get the results.
4.1.1. Antisymmetric solutions and Frobenius algebra structures. Using the Proposition 2.9, we get the results of Table 6 . 4.2. Dendriform algebra structures and classification of solutions of the D-equation. The classification of 2−dimensional complex dendriform algebras was firstly studied in [28] , but * AND GBÊVÈWOU DAMIEN HOUNDEDJI † unfortunately with some mistakes. In fact, there exists a natural anti-isomorphism between dendriform algebras
So, the dendriform algebras appear in terms of pairs. For example, consider the following dendriform algebras given by: Table 7 . Table 8 , where D j i , with i, j ∈ N * , means the i−th dendriform class associated with the j − th class of associative algebra. 
